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Abstract
The scalar induced gravitational waves (SIGWs) is a useful tool to probe the physics in the
early universe. To study inflationary models with this tool, we need to know how the waveform of
SIGWs is related to the shape of the scalar power spectrum. We propose two parameterizations to
approximate the scalar power spectrum with either a sharp or a broad spike at small scales, and then
use these two parameterizations to study the relation between the shapes of ΩGW and the scalar
power spectrum. We find that the waveform of SIGWs has a similar shape to the power spectrum.
Away from the peak of the spike, the frequency relation ΩGW (k) ∼ P2ζ (k) holds independent of the
functional form of the scalar power spectrum. We also give a physical explanation for this general
relationship. The general relation is useful for determining the scalar power spectrum and probing
inflationary physics with the waveform of SIGWs.
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I. INTRODUCTION
After the detection of gravitational waves (GWs) by the Laser Interferometer Gravitational-
Wave Observatory (LIGO) scientific collaboration and Virgo collaboration [1–10], a new
window to probe the property of gravity in the strong field and nonlinear regions was
opened. Meanwhile, the idea that primordial black holes (PBHs) [11, 12] might consist of a
considerable fraction of dark matter (DM) has attracted more and more interests [13–22] as
the confirmed black hole binary for the first GW event GW150916 might be PBHs [23, 24].
PBH DM may even be used to explain the Planet 9 [25]. To produce significant PBHs as
DM, the scalar power spectrum generated during inflation in the early universe should be
amplified from O (10−9) at large scales, at least, seven orders of magnitudes to O (10−2)
at small scales [26–29]. With the large power spectrum, associated with the production
of PBHs, the scalar induced GWs (SIGWs) at the second order [30–42] are also produced
which may be detected by the space-based GW observatory like Laser Interferometer Space
Antenna (LISA) [43, 44], TianQin [45] and Taiji [46], the Pulsar Timing Array (PTA) [47–
50] and the Square Kilometer Array (SKA) [51] in the future. Therefore we can use SIGWs
to probe the physics in the early universe at small scales.
In usual slow-roll inflationary models with a single canonical scalar field, it is impossible
to enhance the power spectrum large enough to produce a significant abundance of PBH
DM [27, 52, 53]. In order to amplify the power spectrum by seven orders of magnitude at
small scales, the slow-roll conditions must be violated. It becomes a challenge to fine-tune
the model parameters to enhance the amplitude of the primordial curvature perturbation
to the order of O(0.01) while keeping the total number of e-folds to be N ' 50 − 60 and
satisfying the CMB constraints [53, 54]. Recently there are some progresses toward building
successful models [26, 27, 34, 53, 55–72].
Due to the difficulty in constructing inflationary models, some phenomenologically pri-
mordial scalar power spectrums were usually used to study the production of PBHs and the
waveform of SIGWs [28, 33, 37, 41, 73–87]. The simplest parameterization for a peak is a δ
function [33, 41, 73–78]. For this monochromatic power spectrum, SIGWs can be calculated
analytically and the corresponding fractional energy density ΩGW has two peaks. Other
widely used parameterizations of the primordial scalar power spectrum include the so-called
lognormal peak that reduce to the δ function when the width of the peak σ tends to zero
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[28, 33] and Gaussian functions [28, 74, 80, 83, 86]. To better understand the waveform of
SIGWs and the relation between the shapes of SIGWs and the scalar power spectrum, we
propose two models to parameterize the scalar power spectrum with either a sharp or a broad
spike. The understanding of the relation helps identify the mechanism of the production of
SIGWs.
This paper is organized as follows. In section II, we review the basic formulas to calculate
the SIGWs. In section III, we propose two parameterizations to approximate the scalar
power spectrum with either a sharp or a broad spike at small scales, respectively. Then we
compute SIGWs with these power spectra and study the general relationship between the
waveform of SIGWs and the power spectrum. Our conclusion is drawn in section IV.
II. THE PRODUCTION OF SIGWS
Under Newtonian gauge, the perturbed metric is
ds2 = a2(η)
[
−(1 + 2Φ)dη2 +
{
(1− 2Φ)δij + 1
2
hij
}
dxixj
]
, (1)
where Φ is the Bardeen potential, and the second order tensor perturbation hij is transverse
and traceless, ∂ihij = hii = 0. In Fourier space, the tensor perturbation is
hij (x, η) =
∫
d3k
(2pi)3/2
eik·x
[
h+k (η) e
+
ij (k) + h
×
k (η) e
×
ij (k)
]
, (2)
where the polarization tensors e+ij (k) and e
×
ij (k) are
e+ij (k) =
1√
2
[ei (k) ej (k)− ei (k) ej (k)] ,
e×ij (k) =
1√
2
[ei (k) ej (k) + ei (k) ej (k)] ,
(3)
ei (k) and ei (k) are two orthonormal basis vectors which are orthogonal to the wave vector
k.
Neglecting the anisotropic stress, the equation of motion for the tensor perturbation with
either polarization in Fourier space is
h
′′
k (η) + 2Hh
′
k (η) + k
2hk (η) = 4Sk (η) , (4)
where H = a′/a, the prime denotes derivative with respect to the conformal time τ , the
source Sk (η) = −eij (k)Sij (η,k) is
Sk (η) =
∫
d3k˜
(2pi)3/2
eij (k) k˜ik˜jf(k, k˜, η)φk˜φk−k˜, (5)
3
f(k, k˜, η) =2Tφ(k˜η)Tφ(|k − k˜|η)
+
4
3 (1 + w)H2
(
T ′φ(k˜η) +HTφ(k˜η)
)(
T ′φ(|k − k˜|η) +HTφ(|k − k˜|η)
)
,
(6)
e+ij(k)k˜
ik˜j = k˜2[1 − µ2] cos(2ϕ)/√2, e×ij(k)k˜ik˜j = k˜2[1 − µ2] sin(2ϕ)/
√
2, µ = k · k˜/(kk˜), ϕ
is the azimuthal angle and the transfer function Tφ for the Bardeen potential Φ is defined
with its primordial value φk as
Φk (η) = φkTφ (kη) . (7)
The primordial value φk is related with the primordial curvature power spectrum as
〈φkφp〉 = δ3 (k + p) 2pi
2
k3
(
3 + 3w
5 + 3w
)2
Pζ (k) . (8)
The solution to Eq. (4) is
hk (η) =
4
a (η)
∫ η
dηGk (η, η) a (η)Sk (η) , (9)
where the Green’s function satisfies the equation
G
′′
k +
(
k2 − a
′′
(η)
a (η)
)
Gk (η, η) = δ (η − η) . (10)
With the solution for hk, we can compute the power spectrum of SIGWs
〈hk (η)hp (η)〉 = δ3 (k + p) 2pi
2
k3
Ph (k, η) . (11)
Combining Eqs. (5), (9) and (11), we get
Ph (k, η) = 4
∫ ∞
0
dk˜
∫ 1
−1
dµ
(
1− µ2)2 I2RD(k,k − k˜, η) k3k˜3|k − k˜|3Pζ(k˜)Pζ(|k − k˜|), (12)
where
IRD(k,k − k˜, η) =
(
3 + 3w
5 + 3w
)2
4
a(η)
∫ η
0
dηGk (η, η) a (η) f(k, k˜, η), (13)
and SIGWs are assumed to be produced before the horizon reentry. During radiation dom-
ination, w = 1/3, the Green’s function is
Gk (η, η) =
sin [k (η − η)]
k
, (14)
and tne transfer function is
Tφ (x) =
9
x2
(
sin
(
x/
√
3
)
x/
√
3
− cos
(
x/
√
3
))
, (15)
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where x = kη. After some calculations, we get the power spectrum of the SIGWs [28, 33,
59, 73, 81, 88]
Ph (k, η) = 4
∫ ∞
0
dv
∫ 1+v
|1−v|
du
(
4v2 − (1 + v2 − u2)2
4vu
)2
I2RD (u, v, x)Pζ (vk)Pζ (uk) , (16)
where u = |k − k˜|/k, v = ˜|k|/k, IRD(u, v, x) = k2IRD(k,k − k˜, η).
At late time, kη  1, x→∞, the time average of I2RD (u, v, x→∞) is [81]
I2RD(v, u, x→∞) =
1
2x2
(
3(u2 + v2 − 3)
4u3v3
)2{(
−4uv + (u2 + v2 − 3) log
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣)2
+ pi2(u2 + v2 − 3)2Θ
(
v + u−
√
3
)}
.
(17)
The density parameter of SIGWs per logarithmic interval of k is
ΩGW (η, k) =
1
24
(
k
H (η)
)2
Ph (k, η). (18)
Because the energy density of SIGWs decays like radiation, so we can estimate the energy
density of SIGWs today in terms of the present energy density of radiation Ωr,0 as [59]
ΩGW (η0, k) = ΩGW (η, k)
Ωr,0
Ωr (η)
, (19)
where η can be chosen at a generic time towarding the end of the radiation domination era.
III. THE PARAMETERIZATIONS OF THE POWER SPECTRUM
The waveform of the stochastic GW background is usually approximated as a power law
in frequency ΩGW ∼ Ωn(f/fp)n, and the spectral index n is the characterization of a class
of theoretical models [38]. For primordial GWs produced by slow-roll inflation, n = −2
in the frequency range 3 × 10−18 − 1 × 10−16 Hz and n ≈ 0 when the frequency is above
10−16 Hz. For stochastic GWs produced by coalescing binary system, n = 2/3 before the
peak frequency fp. For GWs generated from domain walls, n = 3 before the peak frequency
fp and n = −1 after the peak frequency [89]. Therefore, it is important to study the
correspondence between the waveform of SIGWs and the scalar power spectrum. We use
two parameterizations of the scalar power spectrum to study this connection.
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A. Broken power law
Firstly, we take a broken power-law function with three different power indices to pa-
rameterize the scalar power spectrum with a sharp spike predicted in various inflationary
models [33, 60, 62, 64–67, 69, 72, 90–95]. The broken power-law parametrizations with sim-
pler forms were also considered in [20, 28, 33]. The form of the parameterization we use
is
y = −ax− b, (20)
where y = log10Pζ and x = log10(k/kp). Parameterizing the power spectrum with four
different power-law, we get
Pζ (k) =

Aζ1k¯n1−1, k˜ ≤ l/p,
Aζ2k¯n2−1, l/p < k¯ ≤ 1,
Aζ2k¯n3−1, 1 < k¯ ≤ dl/p,
Aζ1k¯n1−1, k¯ > dl/p,
(21)
where the CMB pivotal scale k∗ = 0.05 Mpc−1, l = k1/k∗, p = kp/k∗, d = k2/k1, k¯ = k/kp, k1,
kp and k2 correspond to the scales of the start, the peak and the end of the spike, respectively,
Aζ1 = A˜ζpn1−1, A˜ζ is the amplitude of the power spectrum at CMB pivotal scale and Aζ2 is
the amplitude at the peak. The power spectrum satisfies the CMB constraint at large scales
k < k1, so we choose n1 = 0.9649 and A˜ζ = 2.1× 10−9 [96]. For the discussion on the shape
of the spike, the power spectrum at k < k1 and k > k2 is not important. For simplicity, we
take the same parameterization of the power spectrum for k < k1 and k > k2. To induce
observable SIGWs, Aζ2 should be in the order of O (10−2), here we choose it to be 0.01.
For convenience, instead of the three scales k1, kp and k2, we use the three dimensionless
parameters l, p and d. We fix the peak scale at p = 1013. Once the power indices n2 and n3
are given, the parameters l and d can be derived from the following relations
lnl =
ln(Aζ1/Aζ2) + (n2 − 1) lnp
n2 − n1 , (22)
and
lnd =
ln(Aζ1/Aζ2) + (n3 − 1) lnp
n3 − n1 − lnl. (23)
With the power spectrum and the formulae presented in the previous section, we can
calculate the energy density of SIGWs and investigate the relationship between the shapes
of ΩGW and Pζ by changing the power indices n2 and n3.
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First we fix the left side of the spike, i.e., we take n2 − 1 = 1.39, and vary the right side
of the spike by taking three different power indices, n3 − 1 = −0.93, n3 − 1 = −1.46 and
n3−1 = −2.41. The results are shown in Fig. 1. From Fig. 1, we see that ΩGW and Pζ have
a similar broken power-law form for the spike. For the right side of the spike, ΩGW ∝ kng3
with ng3 ≈ 2(n3 − 1) a little away from the peak. For the left side of the spike, ΩGW has
the power-law form kng2 further away from the peak, and there is a small dip near the peak.
Away from the spike, the power index ng2 = 2(n2− 1) = 2.78. Near the peak, the waveform
of ΩGW on the left side of the spike is affected by the power spectrum on the right side of
the spike, and it depends on the power index n3.
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FIG. 1. The scalar power spectrum with the broken power-law parametrization and the calculated
SIGWs with the power spectrum. The left panel shows the scalar power spectrum. As for the left
side of the peak, the power index n2−1 = 1.39. As for the right side of the peak, the power indices
n3− 1 = −2.41, n3− 1 = −1.46, and n3− 1 = −0.93 correspond to the solid red, dashed green and
dotted blue lines, respectively. The right panel shows ΩGWh
2, and the insert shows the detailed
structure near the peak. On the right side of the peak, the solid red, dashed green and dotted blue
lines can be approximated by the power-law function with power indices -4.82, -2.92, and -1.86,
respectively. On the left side of the peak, the lower part is approximated by the power-law function
with the power index 2.78.
To see whether the waveform of ΩGW on the left side of the spike is affected by the power
index n2, we then fix the right side of the spike, i.e. we take n3 − 1 = −1.46, and vary the
left side of the spike by taking three different power indices, n2−1 = 0.68, n2−1 = 1.13 and
n2 − 1 = 3.53. The results are shown in Fig. 2. From Fig. 2, we see that the relationship
ΩGW ∝ kng3 with ng3 ≈ 2(n3 − 1) = −2.92 is always satisfied and hardly affected by the
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change of the power index n2. As for the left side of the spike, when the power index n2 is
small, the relationship ng2 ≈ 2(n2 − 1) holds except very near the peak. With the increase
of the power index n2, ng2 ≈ 2(n2 − 1) holds only when k is further away from the peak kp,
and there is an additional bump if n2 & 2.1.
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FIG. 2. The scalar power spectrum with the broken power-law parametrization and the SIGWs
generated by the power spectrum. The left panel shows the scalar power spectrum. As for the
left side of the peak, the power indices for the solid red, dashed green and dotted blue lines are
n2 − 1 = 3.53, n2 − 1 = 1.13, and n2 − 1 = 0.68, respectively. As for the right side of the peak,
the power index n3− 1 = −1.46. The right panel shows ΩGWh2, and the insert shows the detailed
structure near the peak. On the right side of the peak, ΩGWh
2 can be approximated by the power-
law function with the power index -2.92. On the left side of the peak, the lower part of the solid
red, dashed green and dotted blue lines can be approximated by the power-law function with power
indices 7.06, 2.26, and 1.36, respectively.
For pure power-law power spectrum, the relation ng = 2(ns−1) can be easily understood
from Eq. (16). If Pζ = Akns−1, then Pζ(uk) = Auns−1kns−1 and Pζ(vk) = Avns−1kns−1, so
the k dependence is decoupled from the integral variables u and v and we get ΩGW ∝ k2(ns−1).
For the case with the broken power-law power spectrum, we can understand the above results
from the integration kernel I2RD. From Eq. (17), we see that the main contribution to I
2
RD is
from u ≈ v ≈ √3/2 or k˜ ≈ √3k/2, this is also called the resonant amplification [73, 81] and
it is the reason why the peak in ΩGW is located at 2kp/
√
3 for the monochromatic power
spectrum [28]. Away from the peak, k  kp or k  kp, Pζ(uk) and Pζ(vk) have the same
power law form around u ≈ v ≈ √3/2, so the k dependence is again decoupled from the
integral variables u and v and we have ΩGW ∝ k2(ns−1) as shown in Figs. 1 and 2.
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In the radiation-dominated era, SIGWs are generated almost instantly after the horizon
reentry because the scalar source of SIGWs decays quickly [88]. Since large-scale perturba-
tions reenter the horizon later than small-scale ones, thus the effect of larger scales is small
and the contribution to the integral (12) from modes with k˜ < k is negligible. Therefore,
for a given mode k, we need to consider the contribution from smaller scales with k˜ > k in
addition to the major contribution around k˜ ≈ √3k/2 due to the resonant amplification.
On the right side of the spike, when k & 2kp/
√
3, the major contribution is from the modes
with k˜ >
√
3k/2 > kp and they have the same functional form, so we have ΩGW (k) ∼ P2ζ (k)
for the frequency dependence and henceforth ng = 2(ns − 1). This also explains why the
shape on the left side of the spike of the power spectrum does not significantly affect the
shape of ΩGW on the right side of the spike. On the left side of the spike, near the spike,
ΩGW has contributions from both smaller and larger modes with k˜ < kp and k˜ > kp. Since
the functional form for k˜ < kp is different from that for k˜ > kp, so the shape of ΩGW becomes
different from the power spectrum. Far away from the peak, k  kp, the contribution from
the right side of the spike is negligible, and again we get the relation ng = 2(ns − 1).
From the above discussion, we learn that the relation ΩGW (k) ∼ P2ζ (k) for the frequency
dependence should hold for more general power spectrum, we will confirm this with another
parameterization of the power spectrum below.
B. Broad power spectrum
To parameterize the power spectrum with a broad spike, such as the arched shape ob-
tained in some inflationary models [26, 33, 34, 53, 55, 58, 59, 80], we modify the parameter-
ization (20) by adding a nonlinear term 1/(cx − e) with c > 0 and e > 0, i.e., we take the
parameterization y = −ax− b+ 1/(cx− e).
With this parameterization, we get
Pζ (k) =

Aζ1k¯n1−1, k¯ < l/p,
Aζ2k¯n2−1, l/p ≤ k¯ < 1,
Aζ3k¯−a101/(clog10k¯−e), k¯ ≥ 1,
(24)
where n1 = 0.9649, Aζ2 = 0.01, Aζ3 = 10−b, l = k1/k∗, p = kp/k∗ = 1012, k∗ = 0.05 Mpc−1,
Aζ1 = A˜ζpn1−1, A˜ζ = 2.1 × 10−9, k1 and kp represent the scales of the start and the peak
of the spike, respectively. In this parameterization, there are five dimensionless parameters
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l, p, a, c and e. For given parameters n2 and e, the scale parameter l and the amplitude
parameter b can be obtained from the following relations,
lnl =
ln(Aζ1/Aζ2) + (n2 − 1) lnp
n2 − n1 , (25)
b = − (lnAζ2 + 1/e) . (26)
Again we first fix the left side of the spike by taking the power index n2 − 1 = 1.38, and
change the shape of the spike on the right side by choosing different parameters a, c and e
as shown in the left panel of Fig. 3. The induced ΩGW is shown in the right panel of Fig.
3. We see that the waveform of ΩGW has a similar arched shape as the power spectrum.
It is also interesting to note that the waveform on the right side of the spike has the same
functional form as the power spectrum. The waveform of ΩGW can be approximated as
yGW = log10 ΩGW (k) = −ag log10 k¯ − bg + 1/(cg log10 k¯ − eg), (27)
where ag ≈ 2a, cg ≈ c/2, eg ≈ e/2 and bg ≈ 2b + 4.1. For the left side of the spike, similar
to the broken power-law case discussed in the previous subsection, ΩGW has the power-law
form kng2 with ng2 = 2(n2− 1) = 2.76 away from the peak, and there is a small dip near the
peak.
To see whether the power index n2 affects the waveform on the right side of the spike, we
then fix the power spectrum on the right side of the spike by taking the parameters a = 0.03,
b = 1.52, c = 0.10, and e = 2.08, and vary the power index on the left side of the spike with
n2 − 1 = 0.75, n2 − 1 = 1.14, and n2 − 1 = 3.51. The results are shown in Fig. 4. Since the
power spectrum on the left side of the spike is power-law form, so the results of ΩGW on the
left side of the spike are the same as those for the broken power-law case discussed in the
previous subsection. Form Fig. 4, as expected, we see that the power spectrum on the left
side of the spike has no effect on the waveform of the right side of the spike. On the right
side of the spike, for the frequency dependence, we have the relation ΩGW (k) ∝ P2ζ (k) .
As explained in the previous subsection, for the modes a little larger than kp (k >
2kp/
√
3), we have the relation ΩGW (k) ∼ P2ζ (k), so ΩGW (k) have the same arched shape
(27) with the parameters ag ≈ 2a, cg ≈ 1/2c, eg ≈ 1/2e and bg ≈ 2b + 4.1. The additional
constant 4.1 for the amplitude comes from the current fractional energy density of radiation
Ωr,0 ' O (10−4) [97]. These results confirm that away from the spike the frequency relation
ΩGW (k) ∼ P2ζ (k) holds independent of the functional form of the power spectrum and the
waveform of SIGWs has a similar shape to the power spectrum.
10
10 12 10 7 10 2 103 108 1013 1018 1023
k/kp
10 9
10 8
10 7
10 6
10 5
10 4
10 3
10 2
(k
)
k1.38
y = 0.02x 1.43 + 1/(0.07x 1.75)
y = 0.04x 1.31 + 1/(0.06x 1.46)
y = 0.07x 1.24 + 1/(0.05x 1.32)
10 12 10 7 10 2 103 108 1013 1018
k/kp
10 21
10 19
10 17
10 15
10 13
10 11
10 9
G
W
h2
k2.76
10 1 100 101
10 10
10 9
10 8
y = 0.04x 6.96 + 1/(0.035x 0.875)
y = 0.08x 6.72 + 1/(0.030x 0.730)
y = 0.14x 6.58 + 1/(0.025x 0.660)
FIG. 3. The scalar power spectrum with a broad spike at small scales and the calculated SIGWs
with the power spectrum. The left panel shows the scalar power spectrum. As for the left side of the
spike, the power index n2−1 = 1.38. As for the right side of the spike, the parameters for the solid
red, dashed green and dotted blue lines are (a, b, c, e) = (0.02, 1.43, 0.07, 1.75), (0.04, 1.31, 0.06, 1.46)
and (0.07, 1.24, 0.05, 1.32), respectively. The right panel shows ΩGWh
2 and the insert shows the
detailed structure near the peak. The lower part of the left side of the spike can be approximated
by the power-law function with the power index ng = 2.76. The right side of the spike can
be approximated with the nonlinear function (27). The parameters for the solid red, dashed
green and dotted blue lines are (ag, bg, cg, eg) = (0.04, 6.96, 0.035, 0.875), (0.08, 6.72, 0.03, 0.73) and
(0.14, 6.58, 0.025, 0.66), respectively.
IV. CONCLUSIONS
The waveform of the stochastic GW background can be approximated as the broken
power-law form ΩGW ≈ Ωn(f/fp)n and the power index n tells us the origin of the stochastic
GW background. SIGWs are induced by the scalar perturbation generated during inflation,
so the detection of SIGWs provides us a useful tool to probe the early universe. To study in-
flationary models with SIGWs, we need to know the relation between SIGWs and the power
spectrum of the scalar perturbation. In particular, we need to know how the waveform of
SIGWs is related to the shape of the scalar power spectrum. We propose two parameteriza-
tions to approximate the scalar power spectrum with either a sharp spike or a broad spike at
small scales, respectively, and we find that the waveform of SIGWs has a similar shape to the
power spectrum. Away from the peak of the spike, the frequency relation ΩGW (k) ∼ P2ζ (k)
holds independent of the functional form of the scalar power spectrum.
Although different modes couple to each other because of the nonlinear effect, for the
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FIG. 4. The scalar power spectrum with a broad spike at small scales and the calculated
SIGWs with the power spectrum. The left panel shows the scalar power spectrum. The power
indices for the solid red, dashed green and dotted blue lines on the left side of the spike are
n2−1 = 3.51, 1.14, and 0.75, respectively. The parameters for right side of the spike are (a, b, c, e) =
(0.03, 1.52, 0.1, 2.08). The right panel shows ΩGWh
2, and the insert shows the detailed structure
near the peak. The lower part of the solid red, dashed green and dotted blue lines on the right
side of the spike can be approximated by the power-law function with the power indices ng = 7.02,
2.28, and 1.5, respectively. The right side of the spike can be approximated with the nonlinear
function (27) with the parameters (ag, bg, cg, eg) = (0.06, 7.14, 0.05, 1.04).
production of SIGWs at a mode k, the main contribution comes from modes with k˜ ≈ √3/2k
in addition to the non-negligible contributions from the modes with k˜ > k. Therefore, if
k > 2kp/
√
3 or k  kp, we have ΩGW (k) ∼ P2ζ (k) for the frequency dependence. Around
the peak k ∼ kp, the waveform of ΩGW (k) becomes complicated, and it may have additional
bumps due to the nonlinear coupling. For the unusual power spectrum like the δ function,
the simple square relation does not hold. In conclusion, with the waveform of SIGWs, the
simple relation ΩGW (k) ∼ P2ζ (k) is useful to determine the scalar power spectrum and probe
inflationary physics.
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